
Physics 4410: Quantum Mechanics 2 Fall 2020

Homework 3

Due: 11:59 PM, Tuesday, September 15. Submit your homework via Canvas.

Problem 1:10 points Numerically solve the differential equation

d2ψ

dx2
+
(
2E − x2

)
ψ = 0 (1)

with the initial conditions ψ(0) = 1 and dψ
dx (0) = 0.1 Describe what happens as you tune E in the domain

0 < E < 3, and compare with what you know about the quantum harmonic oscillator.

Problem 2:10 points Consider a one dimensional particle of mass m in the potential

V (x) =

{
1
2mω

2x2 x ≥ 0
∞ x < 0

. (2)

Find the allowed eigenvalues and eigenstates of the Hamiltonian for this system.2

Problem 3:10 points Consider the following one dimesional quantum mechanical problem,

H =
p2

2m
+

1

2
mω2x2 − Fx (3)

corresponding (loosely speaking) to a harmonic oscillator pushed by a constant force F .

(a) Define the operator x̄ = x+ c, for any constant c. Show that [x, p] = [x̄, p] = i~.

(b) By choosing a clever value of c, describe how you can find raising and lowering operators which lead
to an exact algebraic solution of this problem, as with the conventional harmonic oscillator. Write
the exact eigenstates and eigenvalues of H.

Problem 4 (van der Waals interactions):10 points A crude model for intermoleclular interactions is the following.
Let us consider two molecules a distance R apart. Assume each molecule has a single mobile electron,
which for simplicity moves only along a single direction. The electrons are located at positions x = x1
and x = x2 +R: see Figure 1. We assume the Hamiltonian is

H =
p21 + p22

2m
+
k

2

(
x21 + x22

)
+

e2

4πε0

[
1

R
− 1

R− x1
− 1

R+ x2
+

1

R+ x2 − x1

]
. (4)

The Coulomb terms above correspond to the electrical interaction energies between the electrons and
molecular ions. You should assume that the ions are completely stationary. You should treat electron 1
and electron 2 as distinguishable particles, for simplicity.

1Hint: I suggest using NDSolve in Mathematica. If you have never used this function before, its documentation will be
useful. You should be able to straightforwardly modify the example given for the purposes of this problem.

2Hint: What must the wave function do as x → 0? Very little calculation is required for this problem.
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(a) Assume R � x1, x2. Approximate the potential energy by
a second order Taylor expansion in x1,2 near 0.

(b) Show that the ground state energy of the resulting electrons
is (up to a constant offset) proportional to R−6. This is the
van der Waals interaction between neutral atoms. Are van
der Waals forces repulsive or attractive?
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R
<latexit sha1_base64="QCMHTzlmCKZpThmPwGmXzMXAvYk=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgaZkNmqy3oBePiZgHJEuYncwmY2YfzMwKIeQLvHhQxKuf5M2/cbKJoKIFDUVVN91dfiK40hh/WLmV1bX1jfxmYWt7Z3evuH/QUnEqKWvSWMSy4xPFBI9YU3MtWCeRjIS+YG1/fDX32/dMKh5Ht3qSMC8kw4gHnBJtpMZNv1jCtntRqVZdhG3suOVyRs4xrrjIsXGGEixR7xffe4OYpiGLNBVEqa6DE+1NidScCjYr9FLFEkLHZMi6hkYkZMqbZofO0IlRBiiIpalIo0z9PjEloVKT0DedIdEj9dubi3953VQHrjflUZJqFtHFoiAVSMdo/jUacMmoFhNDCJXc3IroiEhCtcmmYEL4+hT9T1pl28G20zgr1S6XceThCI7hFByoQg2uoQ5NoMDgAZ7g2bqzHq0X63XRmrOWM4fwA9bbJyh5jSs=</latexit><latexit sha1_base64="QCMHTzlmCKZpThmPwGmXzMXAvYk=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgaZkNmqy3oBePiZgHJEuYncwmY2YfzMwKIeQLvHhQxKuf5M2/cbKJoKIFDUVVN91dfiK40hh/WLmV1bX1jfxmYWt7Z3evuH/QUnEqKWvSWMSy4xPFBI9YU3MtWCeRjIS+YG1/fDX32/dMKh5Ht3qSMC8kw4gHnBJtpMZNv1jCtntRqVZdhG3suOVyRs4xrrjIsXGGEixR7xffe4OYpiGLNBVEqa6DE+1NidScCjYr9FLFEkLHZMi6hkYkZMqbZofO0IlRBiiIpalIo0z9PjEloVKT0DedIdEj9dubi3953VQHrjflUZJqFtHFoiAVSMdo/jUacMmoFhNDCJXc3IroiEhCtcmmYEL4+hT9T1pl28G20zgr1S6XceThCI7hFByoQg2uoQ5NoMDgAZ7g2bqzHq0X63XRmrOWM4fwA9bbJyh5jSs=</latexit><latexit sha1_base64="QCMHTzlmCKZpThmPwGmXzMXAvYk=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgaZkNmqy3oBePiZgHJEuYncwmY2YfzMwKIeQLvHhQxKuf5M2/cbKJoKIFDUVVN91dfiK40hh/WLmV1bX1jfxmYWt7Z3evuH/QUnEqKWvSWMSy4xPFBI9YU3MtWCeRjIS+YG1/fDX32/dMKh5Ht3qSMC8kw4gHnBJtpMZNv1jCtntRqVZdhG3suOVyRs4xrrjIsXGGEixR7xffe4OYpiGLNBVEqa6DE+1NidScCjYr9FLFEkLHZMi6hkYkZMqbZofO0IlRBiiIpalIo0z9PjEloVKT0DedIdEj9dubi3953VQHrjflUZJqFtHFoiAVSMdo/jUacMmoFhNDCJXc3IroiEhCtcmmYEL4+hT9T1pl28G20zgr1S6XceThCI7hFByoQg2uoQ5NoMDgAZ7g2bqzHq0X63XRmrOWM4fwA9bbJyh5jSs=</latexit><latexit sha1_base64="QCMHTzlmCKZpThmPwGmXzMXAvYk=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgaZkNmqy3oBePiZgHJEuYncwmY2YfzMwKIeQLvHhQxKuf5M2/cbKJoKIFDUVVN91dfiK40hh/WLmV1bX1jfxmYWt7Z3evuH/QUnEqKWvSWMSy4xPFBI9YU3MtWCeRjIS+YG1/fDX32/dMKh5Ht3qSMC8kw4gHnBJtpMZNv1jCtntRqVZdhG3suOVyRs4xrrjIsXGGEixR7xffe4OYpiGLNBVEqa6DE+1NidScCjYr9FLFEkLHZMi6hkYkZMqbZofO0IlRBiiIpalIo0z9PjEloVKT0DedIdEj9dubi3953VQHrjflUZJqFtHFoiAVSMdo/jUacMmoFhNDCJXc3IroiEhCtcmmYEL4+hT9T1pl28G20zgr1S6XceThCI7hFByoQg2uoQ5NoMDgAZ7g2bqzHq0X63XRmrOWM4fwA9bbJyh5jSs=</latexit>

x1
<latexit sha1_base64="6D/uZm6KdgvKzKZ6GGRNQKyShwQ=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8LbMhITkGvXiMaB6QLGF2MpsMmZ1dZmbFsOQTvHhQxKtf5M2/cfJA1FjQUFR1090VJIJrg/Gns7a+sbm1ndvJ7+7tHxwWjo5bOk4VZU0ai1h1AqKZ4JI1DTeCdRLFSBQI1g7GVzO/fc+U5rG8M5OE+REZSh5ySoyVbh/6Xr9QxC6ueqVyDWG3UsHlqoc8F8/xTYqwRKNf+OgNYppGTBoqiNZdDyfGz4gynAo2zfdSzRJCx2TIupZKEjHtZ/NTp+jcKgMUxsqWNGiu/pzISKT1JApsZ0TMSP/1ZuJ/Xjc1Yc3PuExSwyRdLApTgUyMZn+jAVeMGjGxhFDF7a2Ijogi1Nh08jaElZdXSavketj1bsrF+uUyjhycwhlcgAdVqMM1NKAJFIbwCM/w4gjnyXl13hata85y5gR+wXn/Ak2Hjc0=</latexit><latexit sha1_base64="6D/uZm6KdgvKzKZ6GGRNQKyShwQ=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8LbMhITkGvXiMaB6QLGF2MpsMmZ1dZmbFsOQTvHhQxKtf5M2/cfJA1FjQUFR1090VJIJrg/Gns7a+sbm1ndvJ7+7tHxwWjo5bOk4VZU0ai1h1AqKZ4JI1DTeCdRLFSBQI1g7GVzO/fc+U5rG8M5OE+REZSh5ySoyVbh/6Xr9QxC6ueqVyDWG3UsHlqoc8F8/xTYqwRKNf+OgNYppGTBoqiNZdDyfGz4gynAo2zfdSzRJCx2TIupZKEjHtZ/NTp+jcKgMUxsqWNGiu/pzISKT1JApsZ0TMSP/1ZuJ/Xjc1Yc3PuExSwyRdLApTgUyMZn+jAVeMGjGxhFDF7a2Ijogi1Nh08jaElZdXSavketj1bsrF+uUyjhycwhlcgAdVqMM1NKAJFIbwCM/w4gjnyXl13hata85y5gR+wXn/Ak2Hjc0=</latexit><latexit sha1_base64="6D/uZm6KdgvKzKZ6GGRNQKyShwQ=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8LbMhITkGvXiMaB6QLGF2MpsMmZ1dZmbFsOQTvHhQxKtf5M2/cfJA1FjQUFR1090VJIJrg/Gns7a+sbm1ndvJ7+7tHxwWjo5bOk4VZU0ai1h1AqKZ4JI1DTeCdRLFSBQI1g7GVzO/fc+U5rG8M5OE+REZSh5ySoyVbh/6Xr9QxC6ueqVyDWG3UsHlqoc8F8/xTYqwRKNf+OgNYppGTBoqiNZdDyfGz4gynAo2zfdSzRJCx2TIupZKEjHtZ/NTp+jcKgMUxsqWNGiu/pzISKT1JApsZ0TMSP/1ZuJ/Xjc1Yc3PuExSwyRdLApTgUyMZn+jAVeMGjGxhFDF7a2Ijogi1Nh08jaElZdXSavketj1bsrF+uUyjhycwhlcgAdVqMM1NKAJFIbwCM/w4gjnyXl13hata85y5gR+wXn/Ak2Hjc0=</latexit><latexit sha1_base64="6D/uZm6KdgvKzKZ6GGRNQKyShwQ=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8LbMhITkGvXiMaB6QLGF2MpsMmZ1dZmbFsOQTvHhQxKtf5M2/cfJA1FjQUFR1090VJIJrg/Gns7a+sbm1ndvJ7+7tHxwWjo5bOk4VZU0ai1h1AqKZ4JI1DTeCdRLFSBQI1g7GVzO/fc+U5rG8M5OE+REZSh5ySoyVbh/6Xr9QxC6ueqVyDWG3UsHlqoc8F8/xTYqwRKNf+OgNYppGTBoqiNZdDyfGz4gynAo2zfdSzRJCx2TIupZKEjHtZ/NTp+jcKgMUxsqWNGiu/pzISKT1JApsZ0TMSP/1ZuJ/Xjc1Yc3PuExSwyRdLApTgUyMZn+jAVeMGjGxhFDF7a2Ijogi1Nh08jaElZdXSavketj1bsrF+uUyjhycwhlcgAdVqMM1NKAJFIbwCM/w4gjnyXl13hata85y5gR+wXn/Ak2Hjc0=</latexit>

x2
<latexit sha1_base64="JaTlmeXbxzyx2R9XNdeCjw9kqhI=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8LbMhITkGvXiMaB6QLGF2MpsMmZ1dZmbFsOQTvHhQxKtf5M2/cfJA1FjQUFR1090VJIJrg/Gns7a+sbm1ndvJ7+7tHxwWjo5bOk4VZU0ai1h1AqKZ4JI1DTeCdRLFSBQI1g7GVzO/fc+U5rG8M5OE+REZSh5ySoyVbh/6pX6hiF1c9UrlGsJupYLLVQ95Lp7jmxRhiUa/8NEbxDSNmDRUEK27Hk6MnxFlOBVsmu+lmiWEjsmQdS2VJGLaz+anTtG5VQYojJUtadBc/TmRkUjrSRTYzoiYkf7rzcT/vG5qwpqfcZmkhkm6WBSmApkYzf5GA64YNWJiCaGK21sRHRFFqLHp5G0IKy+vklbJ9bDr3ZSL9ctlHDk4hTO4AA+qUIdraEATKAzhEZ7hxRHOk/PqvC1a15zlzAn8gvP+BU8Ljc4=</latexit><latexit sha1_base64="JaTlmeXbxzyx2R9XNdeCjw9kqhI=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8LbMhITkGvXiMaB6QLGF2MpsMmZ1dZmbFsOQTvHhQxKtf5M2/cfJA1FjQUFR1090VJIJrg/Gns7a+sbm1ndvJ7+7tHxwWjo5bOk4VZU0ai1h1AqKZ4JI1DTeCdRLFSBQI1g7GVzO/fc+U5rG8M5OE+REZSh5ySoyVbh/6pX6hiF1c9UrlGsJupYLLVQ95Lp7jmxRhiUa/8NEbxDSNmDRUEK27Hk6MnxFlOBVsmu+lmiWEjsmQdS2VJGLaz+anTtG5VQYojJUtadBc/TmRkUjrSRTYzoiYkf7rzcT/vG5qwpqfcZmkhkm6WBSmApkYzf5GA64YNWJiCaGK21sRHRFFqLHp5G0IKy+vklbJ9bDr3ZSL9ctlHDk4hTO4AA+qUIdraEATKAzhEZ7hxRHOk/PqvC1a15zlzAn8gvP+BU8Ljc4=</latexit><latexit sha1_base64="JaTlmeXbxzyx2R9XNdeCjw9kqhI=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8LbMhITkGvXiMaB6QLGF2MpsMmZ1dZmbFsOQTvHhQxKtf5M2/cfJA1FjQUFR1090VJIJrg/Gns7a+sbm1ndvJ7+7tHxwWjo5bOk4VZU0ai1h1AqKZ4JI1DTeCdRLFSBQI1g7GVzO/fc+U5rG8M5OE+REZSh5ySoyVbh/6pX6hiF1c9UrlGsJupYLLVQ95Lp7jmxRhiUa/8NEbxDSNmDRUEK27Hk6MnxFlOBVsmu+lmiWEjsmQdS2VJGLaz+anTtG5VQYojJUtadBc/TmRkUjrSRTYzoiYkf7rzcT/vG5qwpqfcZmkhkm6WBSmApkYzf5GA64YNWJiCaGK21sRHRFFqLHp5G0IKy+vklbJ9bDr3ZSL9ctlHDk4hTO4AA+qUIdraEATKAzhEZ7hxRHOk/PqvC1a15zlzAn8gvP+BU8Ljc4=</latexit><latexit sha1_base64="JaTlmeXbxzyx2R9XNdeCjw9kqhI=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8LbMhITkGvXiMaB6QLGF2MpsMmZ1dZmbFsOQTvHhQxKtf5M2/cfJA1FjQUFR1090VJIJrg/Gns7a+sbm1ndvJ7+7tHxwWjo5bOk4VZU0ai1h1AqKZ4JI1DTeCdRLFSBQI1g7GVzO/fc+U5rG8M5OE+REZSh5ySoyVbh/6pX6hiF1c9UrlGsJupYLLVQ95Lp7jmxRhiUa/8NEbxDSNmDRUEK27Hk6MnxFlOBVsmu+lmiWEjsmQdS2VJGLaz+anTtG5VQYojJUtadBc/TmRkUjrSRTYzoiYkf7rzcT/vG5qwpqfcZmkhkm6WBSmApkYzf5GA64YNWJiCaGK21sRHRFFqLHp5G0IKy+vklbJ9bDr3ZSL9ctlHDk4hTO4AA+qUIdraEATKAzhEZ7hxRHOk/PqvC1a15zlzAn8gvP+BU8Ljc4=</latexit>

Figure 1: Positions of the electrons and atoms
along the one dimensional line.

Problem 5 (Methane):10 points Methane (CH4) is a relatively simple polyatomic molecule, depicted in Figure 2.
The atoms in this figure are labeled by numbers 1 to 5; do not worry about the indistinguishability of
hydrogen atoms in this problem. As a crude model for covalent bonding, let us suppose that the potential
energy of a C-H bonded pair is the following simple function of the absolute distance r between the C
and H atoms:

VCH(r) =
k

2
(r −R)2. (5)

1
<latexit sha1_base64="YejxhyEELTa/Fe7hYAKViZPnm40=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipRYfFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wTHk4zr</latexit><latexit sha1_base64="YejxhyEELTa/Fe7hYAKViZPnm40=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipRYfFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wTHk4zr</latexit><latexit sha1_base64="YejxhyEELTa/Fe7hYAKViZPnm40=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipRYfFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wTHk4zr</latexit><latexit sha1_base64="YejxhyEELTa/Fe7hYAKViZPnm40=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipRYfFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wTHk4zr</latexit>

2
<latexit sha1_base64="VQu0pPjOROsHBLUSPN8ceta/gBU=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipVRkWS6RMCKGU4ozQ6iWxpF6vVWgN08yyKKEVmsPi+2AU8SSA0HDJtO5TEhs3ZcoILmFeGCQaYsanbAx9S0MWgHbTxaFzfGaVEfYjZSs0eKF+n0hZoPUs8GxnwMxE//Yy8S+vnxi/5qYijBMDIV8u8hOJTYSzr/FIKOBGzixhXAl7K+YTphg3NpuCDeHrU/w/6VTKlJRp66LUuFrFkUcn6BSdI4qqqIFuUBO1EUeAHtATenbunEfnxXldtuac1cwx+gHn7RPJF4zs</latexit><latexit sha1_base64="VQu0pPjOROsHBLUSPN8ceta/gBU=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipVRkWS6RMCKGU4ozQ6iWxpF6vVWgN08yyKKEVmsPi+2AU8SSA0HDJtO5TEhs3ZcoILmFeGCQaYsanbAx9S0MWgHbTxaFzfGaVEfYjZSs0eKF+n0hZoPUs8GxnwMxE//Yy8S+vnxi/5qYijBMDIV8u8hOJTYSzr/FIKOBGzixhXAl7K+YTphg3NpuCDeHrU/w/6VTKlJRp66LUuFrFkUcn6BSdI4qqqIFuUBO1EUeAHtATenbunEfnxXldtuac1cwx+gHn7RPJF4zs</latexit><latexit sha1_base64="VQu0pPjOROsHBLUSPN8ceta/gBU=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipVRkWS6RMCKGU4ozQ6iWxpF6vVWgN08yyKKEVmsPi+2AU8SSA0HDJtO5TEhs3ZcoILmFeGCQaYsanbAx9S0MWgHbTxaFzfGaVEfYjZSs0eKF+n0hZoPUs8GxnwMxE//Yy8S+vnxi/5qYijBMDIV8u8hOJTYSzr/FIKOBGzixhXAl7K+YTphg3NpuCDeHrU/w/6VTKlJRp66LUuFrFkUcn6BSdI4qqqIFuUBO1EUeAHtATenbunEfnxXldtuac1cwx+gHn7RPJF4zs</latexit><latexit sha1_base64="VQu0pPjOROsHBLUSPN8ceta/gBU=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipVRkWS6RMCKGU4ozQ6iWxpF6vVWgN08yyKKEVmsPi+2AU8SSA0HDJtO5TEhs3ZcoILmFeGCQaYsanbAx9S0MWgHbTxaFzfGaVEfYjZSs0eKF+n0hZoPUs8GxnwMxE//Yy8S+vnxi/5qYijBMDIV8u8hOJTYSzr/FIKOBGzixhXAl7K+YTphg3NpuCDeHrU/w/6VTKlJRp66LUuFrFkUcn6BSdI4qqqIFuUBO1EUeAHtATenbunEfnxXldtuac1cwx+gHn7RPJF4zs</latexit>

3
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Figure 2: The equilibrium po-
sitions of the 5 atoms in CH4,
with H labeled 1 to 4 and C la-
beled 5.

Due to the repulsion of the negatively charged electrons in the covalent bonds
(whose dynamics we do not consider microscopically), we also propose the
following crude potential energy for two hydrogen pairs:

VHH(r) = −gr. (6)

In this cartoon, a stable molecule will form. The total Hamiltonian describing
the nuclear motion is then given by

H =
p2
1 + p2

2 + p2
3 + p2

4

2mH
+

p2
5

2mC
+
∑
i<j

VHH(rij) +
4∑
i=1

VCH(ri5). (7)

Note that mC ≈ 12mH and rij =
√

(xi − xj)2 + (yi − yj)2 + (zi − zj)2. Set
mH = k = 1, g = 0.05, and R = 0.877525512861. One classically stable
configuration of the methane molecule in our crude model is approximately
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√

2

3
,−1

3

)
, (8c)

(x4, y4, z4) = (0, 0, 1), (8d)

(x5, y5, z5) = (0, 0, 0). (8e)

Download the affiliated Mathematica notebook for this problem, wherein the Taylor expansion of
V (x1, . . . ,x5) has been carried out for all 3× 5 = 15 coordinates about the equilibrium point (8): the K
matrix in the notebook is defined as

V ≈ V0 +
1

2
KABδxAδxB, (9)

where here, V0 is a constant and δxA denotes the 15-component vector of small perturbations to all 5
atomic positions away from equilibrium.
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(a) Numerically implement the algorithm we developed in lecture to obtain the frequency of oscillation
of every normal mode of the molecule.

(b) You should find there are some modes that oscillate at zero frequency. Explain why – part of your
explanation should account for the number of zero modes that you find.

(c) There are also a number of degenerate normal modes which oscillate at the same finite frequency.
These are a consequence of the high symmetry of the methane molecule. To see that the symmetry
is responsible, replace atom 1 in Figure 2 with a chlorine atom to create chloromethane (CH3Cl).
Approximating mCl = 35mH, determine the new spectrum of normal mode frequencies, and comment
on the result. For simplicity, you do not need to change the potential energy terms in (7).3

3Hint: This requires an extremely minor modification to your numerical code from part (a).
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