
Physics 4410: Quantum Mechanics 2 Fall 2020

Homework 6

Due: 11:59 PM, Tuesday, October 13. Submit your homework via Canvas.

Problem 1 (Vector operators): A reasonable10 points definition of a vector operator (Vx, Vy, Vz) in three dimen-
sions is that it (component wise) obeys the commutation relations

[Vi, Lj ] = i~
∑
k

εijkVk, (1)

where

εijk =


1 ijk = xyz, yzx, zxy
−1 ijk = xzy, zyx, yxz
0 otherwise

. (2)

Using the definition

Li =
∑
j,k

εijkxjpk (3)

where xi = (x, y, z) and pi = (px, py, pz) denote the position and momentum operators, show that xi and
pi transform as vector operators in quantum mechanics: i.e., they obey (1).1 Of course, since (1) also
holds with Vi = Li, the angular momentum operators are also “vector operators”.

Problem 2 (Rotational spectroscopy): A simple molecule such as ammonia (NH3) has rotational dy-
namics described by the Hamiltonian

H =
L2
x + L2

y

2I0
+
L2
z

2Iz
. (4)

where L denotes the orbital angular momentum.

(a) Show5 points that the energy levels of the Hamiltonian are given by2

Elm =
~2

2I0
l(l + 1) +

[
~2

2Iz
− ~2

2I0

]
m2, (l = 0, 1, 2, . . . , m = 0,±1, . . . ,±l). (5)

(b) For5 points

BONUS

reasons we will derive later in this course, when a photon is absorbed or emitted by this molecule,
the value of l and m can only change by 0 or ±1 in the most prominent transitions.3 A physical
chemist finds that the lowest frequencies of light which are absorbed or emitted by a molecule whose
rotational degrees of freedom are described by (4) are:

ν ≈ 22.4, 57.0, 67.3, 79.4, 91.5, 112, 126, 136, 159 GHz. (6)

Using only this data, along with the values of fundamental constants, estimate I0 and Iz.
1Hint: Keep things in terms of indices! You’ll waste a lot of time doing this for each component. Also use the identity

[A,BC] = [A,B]C +B[A,C]. εijk, the Levi-Civita tensor, has useful identities: εijk = εjki = εkij = −εkji.
2Hint: [L2, Lz] = 0. What is L2

x + L2
y?

3Actually, the so-called “selection rules” are even more complicated for these molecules, however we will pretend they are
simple for convenience. Note that the “experimental data” presented here is also fake, because we are oversimplifying the
allowed transitions. Still, this problem should give you the spirit for how a physical chemist would interpret their data.
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Problem 3: Consider a spin-32 system. Write5 points down the angular momentum matrices Jx, Jy and Jz, in
the standard basis where Jz is diagonal.4

Problem 4 (Measuring nuclear spin via spectroscopy): A diatomic molecule A2 consists of two identical
nuclei (A) of unknown spin J .

(a) When5 points are the nuclei bosons, and when are they fermions?

(b) If the nuclei have spin J , how many spin states |sz1〉 are allowed for a single nuclear spin, on its
own? How many allowed spin states |sz1sz2〉 are there for two spin J nuclei? Show that the number
of symmetric spin wave functions is (J + 1)(2J + 1), and the number of antisymmetric spin wave
functions is J(2J + 1).
The full nuclear wave function of the A2 molecule is of the form ψ(r1, sz1, r2, sz2) – it includes both

the nucleus position and spin. Defining the relative spherical coordinates

x1 − x2 = r sin θ cosφ, (7a)

y1 − y2 = r sin θ sinφ, (7b)

z1 − z2 = r cos θ. (7c)

It is often reasonable to look for wave functions of the form

ψ(x1, sz1,x2, sz2) = ψcom

(
r1 + r2

2

)
ψradial(r)×Ylm(θ, φ)|sz1sz2〉. (8)

In fact, in this problem, we can ignore the center of mass (com) motion along with the radial relative
motion of the nuclei. We thus approximate the wave function by ψ ≈ Ylm(θ, φ)|sz1sz2〉.

(c) Argue5 points that if we exchange the positions of the two nuclei, then that is equivalent to taking the angular
coordinates (θ, φ)→ (π−θ, π+φ). What happens to the spherical harmonic Ylm under this exchange?

(d) Explain why if we have bosonic nuclei, the allowed wave functions have even l and symmetric spin,
or odd l and antisymmetric spin wave function. What happens for fermionic nuclei?

(e) The5 points Hamiltonian for the angular and spin dynamics is well approximated by a “rigid rotor” Hamil-
tonian which describes the relative angular coordinates of the two molecules:

H =
L2

2I
(9)

where I is the molecule’s moment of inertia and L2 is the net rotational angular momentum. Describe
the eigenstates and eigenvalues of H.

(f) What is the degeneracy of each energy level? Remember to include spin!5

(g) When an A2 molecule5 points emits or absorbs a photon, the spin component of the wave function will not
change, while the angular momentum changes by l→ l±2. (Note that such a diatomic gas is relatively
weakly interacting with radiation – we will return to this in a later homework!) Show that when l� 1
is large, the frequency of radiation associated with the l→ l − 2 transition will be

ωl ≈ Bl. (10)

Give an expression for the constant prefactor B in terms of I and fundamental constants.

4Hint: One can be done by eye. For the other two, use the angular momentum raising and lowering operators.
5Interestingly, the answer to this question changes depending on whether we include the rotational degrees of freedom

coming from the center of mass dynamics. Do not account for this subtlety in this problem!
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(h) At high energy (l� 1) it is reasonable
to approximate that the intensity of
the emitted/absorbed radiation is pro-
portional to the number of allowable
spin states. Conclude that the inten-
sity of lines of emitted/absorbed radi-
ation will alternate between a smaller
value I− and a larger value I+, at
evenly spaced frequencies, with ratio

I−
I+

=
J

J + 1
. (11)

(i) Determine the spin J of 3He, using the
experimental data in Figure 1.

LETTERS TO THE EDITOR i529

The Nuclear Spin of He'
A. E. DOUGLAS AND G. HERZBERG

Division of Physics, National Research Council of Canada,
Ottawa, Canada
October 5, 1949

HE nuclear g-factor of He' has been determined by Anderson
and Novick' by means of the nuclear magnetic resonance

method. Assuming a nuclear spin of —,', they obtained for the
nuclear magnetic moment the value 2.131 n.m. Even though the
spin value $ appears most probable, to our knowledge no experi-
mental determination of this quantity has yet been made. Since
at least in one important case, that of B'0, a direct determination
of the spin' has led to a value widely different from the one ex-
pected from theory, it appears to be of interest to determine the
spin of He' unambiguously.
We have determined. the spin of He' from the intensity alterna-

tion in the band spectrum of the He@ molecule. An 88 percent
sample of He was excited by a slightly condensed discharge
through a small Geissler tube. The spectrum was taken in the
first order of a 21-foot grating and exhibited several He2 bands.
The band chosen for more detailed measurements is the one at
6400A representing a 'Z+„—'II,-transition. It involves only low
lying states which are not likely to be perturbed or affected by
l-uncoupling. The triplet spliting is negligible. Figure 1 reproduces
the photometer curve of part of the I' branch showing clearly the
intensity alternation. A relative intensity scale obtained by means
of a rotating sector is indicated at the left. It can be seen from
Fig. 1 that the intensity ratio of successive lines is approximately
3:1~ Actual measurement of the original record (using several
groups of three successive lines and determining the ratio of the
mean of the two outer ones to the central line of each group) gives
the intensity ratio 2.8:1. Semiquantitative evaluations of other
bands also give ratios close to 3:1.The theoretical ratios for the
spins $, 1, and $ are 3:1, 2:1, and 1.67:1 respectively. The
nuclear spin of He' is therefore unequivocally established to be -,',
in agreement with theoretical predictions. The nuclear spin of
He' is thus the same as that of H' recently determined from the
hyperfine structure of the magnetic resonance spectrum by Nelson
and Nafe3 and from the intensity alternation in H2' by Dieke and
Tomkins. 4
In the 6400A band of He.4 the lines with odd E are missing in

the I' and 8 branch (since the nuclear spin is zero and since He4
follows Bose statistics}. In the corresponding He~' band the lines
with odd E are the strong ones (see Fig. 1) showing that the He'
nuclei follow Fermi stetzstt'cs, in agreement with expectation for a
nucleus consisting of an odd number of nucleons.
As shown by Fig. 1 the lines of He'He4 also appear in the spec-

trum. In agreement with expectation there is no intensity alterna-
tion in the He'He' band.
We are greatly indebted to the U. S. Atomic Energy Commis-
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Fir.. 1. Photometer curve of a portion of the P branch of HeI3 and HeeHe'.

inversion Spectrum of Ammonia
A. H. SHARBAUGH, T. C. MADisoN, AND J. K. BRAGG
General Electric Research Laboratory, Schenectady, New York

October 6, 1949

'HIRTY—SEVEN previously unreported ammonia absorp-
tion lines have been measured and identified. A Stark-

modulation spectrograph with a one-foot absorption cell was used
at room temperature with a modified 2K-33 tube' as the source.
The assignments were made on the basis of the line intensities
and a new empirical formula. The frequencies of the lines together
with their assigned rotational quantum numbers are given in
Tables I and ll. The frequencies reported for the N"H3 lines are

TARLF. I. NI4HI absorption lines. TAI4LI-. ll. X»H ~ absorption lines.

Frequency
t'mc/sec. ) ~0.]

]6798.3
]6841.3
17291.6
] 7378.]
18017.6
]8127.2
]8]62.6
18178.0
]8285.6
18313.9
1839].6
]8499,5
18535.1
18808.7
18842.9
18884.9
19838.4
2]8]8.1
23777.4
24680. 1

Assignment
(J, K)
9 5
7, ]
7, 2
8, 4
7, 3
12, 9
11, 8
13, 10
10, 7
14, 11
6, 1
9, 6
15, 12
8, 5
]6, 13
6, 2
5, 1
14, 11
16, 14
17, 15

Frequency
(mc/'sec. ) +0.5

] 7097.2
17548.4
17855.3
1 7943.4
]8258.8
]8788.2
19387.5
]9702.]
19708.2
]9793.4
]9810.8
19984.6
20009.9
2013].6
202 72.3
20683.0
26243.0

Assignment
(J, K)
7, 3

8, 5
6, 2
7, 4
6, 3
5, 2
8, 6
9, 7
7, 5
10, 8
6, 4
11, 9
4, 1
5, 3
4, 2
9 o

accurate to about +0.1 mc/sec. ; and those for Ni5H~ to about
+0.5 mc/sec. The experimental error of the N"H3 lines is deter-
mined by the fact that this isotope concentration is only 0.38
percent in unenriched ammonia as used in this study.
On the basis of the increased number of accurately measured

lines now available, a new empirical formula

I (mc/sec. ) =23785.8—151.450J{J+1)+211.342E2
+0.503027J'(J+1)'—1.38538J(J+1)E'+0.949155E'—0.001259997J'(J+1}'+0.005182367J'(J+1}'E'—0.007088534J(J+ l)E4+0.003210437E', (1)

given in Eq. (1), has been developed which includes sixth power
terms in contrast to the older fourth power expressions. (See
for example, references 2 and 3.) To gain some idea of the improve-
ment in the prediction of new absorption frequencies, the posi-
tions of all the currently available assigned lines' 4 were computed
with the empirical expressions of references 2 and 3 as well as with
the sixth power expression given here. The average deviation from
experiment was found to be 45, 26, and 7 mc/sec. , respectively, for
the empirical equations of references 2, 3, and the present sixth
power one.
The authors gratefully acknowledge the assistance of Miss

Virginia G. Thomas and Mrs. Dorothy M. Ho6'man in the com-
putational work involved in developing the empirical formula.
I See A. H. Sharbaugh and J. Mattern, Phys. Rev. 75, 1102 (1949).I Strandberg, Kyhl, Hillger, and Wentink, Phys. Rev. 71, 326 (1947).' J. W. Simmons and W. Gordy, Phys. Rev. 73, 713 (1948).
4 W. E. Good and D. K. Coles, Phys. Rev. 71, 383 (1947).

sion for the loan of the He' and to Dr. W. B. Lewis, Director of
the Chalk River Laboratory, for arranging for this loan.
' H. L. Anderson and A. Novick, Phys. Rev. 73, 919 (1&48).
'-'Gordy, Ring, and Burg, Phys. Rev. 74, 1191 (1948).' E. B. Nelson and J. E. Nafe, Phys. Rev. 75, 1194 (1949).
4 G. H. Dieke and F. S. Tomkins, Phys. Rev. 76, 283 (1949).

Figure 1: Spectroscopy of helium gas greatly enriched with 3He (the
natural isotope is 4He). Data from (3He)2 is emphasized with red ar-
rows. Figure taken from [1].

[1] A. E. Douglas and G. Hertzberg. “The nuclear spin of He3”, Physical Review 76 1529 (1949).
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