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1 A symmetry group 6 i s a set o f unitarymatrices

G:{U} and [H,U ] fo r any VEG . and U ,UzE G
sometimesbcaubec-
inuusllielgroup.IT#
Example: translation symmetry i n free particles.

H i -¥m¥rIP}m .
Vlad,.nl?x)=ylxta1

Claim: {Ula) for any real a } i s a group.

Ula)Ub)ylx)= Ulalylxtb)=ylxtbtaD=Ulbta)y t d

o.si:1#.iE*:i?..:iII.ioraeraoemtnana,

(Abelian group



2 CH,U a )1=0)y (x ) → Hbialy-Uca)Hy= o .

" " ' " ' " '" '"' " ' " "÷÷;
¥IiI÷µ⇒=**,= Ula)(Hyla)

Claim: l e t p=-ih¥x. Claim:U t a h .
Moapt
errago,

exponential" e
A e £14.. TTTtisanumbermay,.×.
= I t A t{AAt . . .

Ulaly4 )= ylxta)= 41×1+44×1at#y'4×1a l t . . . s i n k

=
Enta".LI#=fEnont(adaz)JylxlEE
eDdxy



3
Why i s Va l unitary?

y (x ) : veal-41×1=41×+4
+E x t a

Lyle>= 41ps?

Idx14×112=/d x 146×+412 It,§dx'1×1×4/2=14142.
- o o - A

proposition: i f 13 i s
Hermitian, eiBi s unitary.

Ulal: B=Path), and momentum p i s
Hermitian.

Check: Ula)-'=Halt= Ul-a)



4
Ula)=eipaH:" (p) momentum generatestranslation

symmetry.

Note: Instead o f checking [H,Vla))-0 fora l l a . . .
Can check [H,p]= 0 .

Reason: I f It,p]=o then CH,
ftp.ofof?
leyffu?pIFI"

Note: p & Hp) diagonal i n same basis.

Show lHNlaD=o→fµpy¥
(PHP)]=0.

I f a →0 : Ula)2 1 t iaz.pt...
[H,1 ) t i¥[Hip]t . . . s o .

Whydoes [Hip]=o?

Hide-h¥¥,
sine H i s a

function

o fp .



5 What a r e eigenfunctions o f p?
"pylx)=p§Ejst.

eigenval.

i t # = ,
solve linear era""" 4111%11*2,

m o m . Po .
Since [Hip]=0, share edgenvectorlfunction

Heikki= E eipox't with
E=P¥
m

I n general flp)Ipo>= ftp.llpos.

Jargon: ei%"", labeledbypo, irreducible
representation

o f translation.

singlefunction→ l-dimensional irrep.



6 Angular coordinates

⇐of lo i s the same 4+27
100/+27.

The"conjugate
onomentum" i s L z :

"

[¢,Lz]"=ih
↳=-it#.

Translation symmetry: {UK)f o r any§ : U(x+2T=U(*#
Ula)= eintzhi.

I f 1=06)=U2T), then: 1=e2*i↳H

So i f ↳ Intoeigenvalueo f ↳ : e
↳ '

"

" = /
.

m :O, E l ,£ 2 , . . . i s a n integer.


