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1 Here is a plot of the first few (unnormalized) eigenstates of the

harmonic oscillator  n(x):
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2
Symnmetry= transformation leavingYequation o f

notion" the same /invariant.

✓
unitary matrix:

I n Qm: HH>= i t¥147. ut=u-':
Reasonable transform? ly>→ Ulykly> €=4¥u¥

= 24104147=24147

✓(HH= i t daily>)

UHly>= i t#UHHit#ly)
:÷÷÷i÷
÷i÷÷

" " '" " ÷ "
w

newTtamiltonia
n.

I f H eUHU'',then
U i s a symmetry.



3
A symmetry (trans.) i s unitary matrix U

obeys H=UHV''. Dependsontt.

Notes i f It=UHU"]V , s o HI,¥u¥Io.

Claim 1 : 0 = 1 i s symmetry.

Claim 2 : I f U i s symmetry, s o i s
U " :

V-'[ H= 0140-YU
U "H U = 1 4 1 =HEU"HV_

Claim3 : I f U, a n d U z a r e synn; so i s Uqµz.
U , [UzHUi'=H]vi'

UzH§~ = µ

The# imply t h e seto f

Yu ,HUI'Ui'=YHUi' symmetries U form
a mathematical ground.



4 Claim: harmonic oscillator has parity symmetry:
x → - x . I n Q M : Pylx)=pl-xD.

Since 172.glad= P-ye-x)= yttxY=ylx1= 1 .ylx)

{ 1 ,P} form a group. [ I n symmetry].

Claim: fo r harmonic oscillator [13,1-1]=0 o r PHP-'TH
PHP= H

'IIIY.IE?
Ifi#=EEnaa*+na**-x, E¥±*⇒

(chainrule)

= -tImy¥ +mwftxtxl.HN#H*s-
x=lHylxDlx-,-
x=PHylx1.



5
Theorem: i t [A,B]=o, there's a basis where
A a n dB a r e both diagonal.

Proof sketch'. l e t la> b e e-vectoro f A :

Ala>= ala?

Now: [AIB]la)= Ola)
A-(Blay- Blalas)

TBT,
Therefore A(Blas)=a(Blat)

So Blas also has e -value a . . .



6 Back t o oscillator: CHIP]=o = (BH).

Know basis In> when I t i s diagonal:

H k ) :Kuhn+ ' a )In)

Thm: each 1h) mustbe eigenvector
o f P.

Since 132=1, let's imagine ly) i s
e-vectoro f P i

Ply>= XIX)

Ily>= P447=14×7--147, s o
12=1

i n some
basis

I I I I
representation

diagona,

/}
" " " '" '"' " '" ' " a "P

#
[""'¥}

o d d : P y n e y u k - H H
representation



7 Which In> a r e even u s . odd?

Recall:
401×1=5*2/2

= yd-x) .
So 10) i s even.

atylx)= ( x-day)pix)
q

schemctic

I f Hal i s even i x§§↳ t h y t d=-xx i x ,

similarly, dd¥ odd...

eiiiiiiiiaatii.in...


