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1 Review the Lie group SO(N), and its Lie algebra.

sow)= groupo f rotations i n N -dimensional space Lgieo
upz

= {MEAN": detlm)-l, MTM=1}

Lieutinyaga;tram,#*e n t a i lMTM=1⇒ info!
a basis forvectorspace

o fantisymRN"matrices;

Ti;=-Tj; = Eief-EET N={EijTi;
i,je{l,...,N}

[TijiThe]=SjkTie-Sikfie-SjeTiktsieTjk
how mmany

generators? (1)= UNI



2 What is the transformation of a vector under rotations? What is the

transformation of a tensor?

vector: ("¥,)=¥for = x;) representation
indexnotation iE{l,...,N} o f 501N)=

transformation o f ± : x ; a s
my:&.'

" d " "

fundamental

tensor: A-• B H A;
B;"¥¥j¥'

N;j
this representation

NONt rank-2
(bkhas 2

indices)

transformation o f Nij: Nij→ MiiMjj'Ni' j '

a l l indices a r e subscripts...Ok for
SOCN)

NOTfor SUN)



3 What is N⌦N?

consider
rankth.IE?orexmi#rFihTiyt.Fa:S,

o n e irrep: t r(A)= Xii
transformsi n t he trivial

representation ( I )

another rep:
antisymmetric rank-2tensors: Y,j=Yj;

Proof; YijtYji=0
[⇒ifeng.is

" ¥ 4 MiiiMjjiYig.itMj;'Mii'Yji's Nat. reducible

Mii'M#(Yi¥¥jiD=0 NES:

if:
p,)

traceless symmetric. Xi;+ *j i - ¥Xµ8ij=Zi;
then Z i ;D (Siri-N]
irrep



4 In SO(3), the antisymmetic Aij = �Aji irrep is also 3. Why?

(jell

-AjitAij→ Ak ? E;jkAij=A#
50131
7 invariant tensors? another invariants o f

i i i .% i¥ eiiii.si.
"I:&:÷÷¥
÷'

Sij→ MirMjjiSig' why 5013)
invariant?

= MiilMji' Eijk→ MiiMjj'M#Ei's"k'
= MiidM)i';

xi;si¥×y
" '"

" "" → " "" '" '" '÷÷÷
÷.

= (MNT),jE8ij
Eijk#Eijk
but Eijki-Ejik=-Eikj

= Xi i i s
invariant
undersow)

Elm)=detlM)E1 =E#eijk



5 Describe all of the irreps of SO(3) in terms of tensors.

1=0 4¥ c (scalar)

f - I 1231

HEP
V i

(vector)

"' "'

"iixy.gg#Ip*iij=2
(s)

4=210×4--1) = 4--31+04=2)04=1)

j = 3 (7)
HEP

50×3 = 70+503
trqamle
psf.tt"

Bk

§ I IAijBj

Generalization: spinj
AijBkEjke,

irrep (HEP: 2ft" tAejBkEjki
correspond tofully symmetric AijBk+AjkB; + AkiBj:fullysymmetricrank j tensor



6 Describe the irreps of SO(N) as tensors.

scalar: c ( I dimm)
fundamental/

vector : " i IN dian)

traceless

× , ,⇒
(NII+ N-1=04%4 idrifep)symmetric

rank-2: Xij=Xj;

antisymmetric rank-2: X;j=-xj; NI I dimfnewirrep
forN>4)

keep o n going: traceless

fullysymmetricrank
3 : Yijk'-Yjik=Y;kj

Yiik=0(newirrep)

o r fullyantisym...
o r some antisymmetry and

symmetry H%§eau
×)

c a n u s e Ei,... in to getr i d o f§
antisymmetric indices.



7 The hydrogen atom (ignoring electron spin) has a “hidden” symmetry

group SO(4). The degeneracy of energy En is n2
. Show that irreps

exist of this dimension for n = 1, 2, 3, 4.


