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1 Review the definition of groups, and group actions.



2 Describe how R is a group under addition. What about multiplication?

IR:{real #s - o exco} n g

I R i s a group
when operation i s addition:

1) x t y E R 2) x + y t z makes sense

3) x t o = x
(identity

4) " t C-x )= p
← inverse

s:::::÷:÷"÷÷i:÷:÷::÷.
I f w e remove 0 . . . R-{o}:{xelR.gg#a3, i s group

undermultiplication

1 ¥ inverse--tx identity= 1.000



3 Write down the simplest e↵ective Lagrangian for 2 interacting particles

in one dimension, assuming translation invariance and a stable

equilibrium. This is a toy model for a chemical bond.

symmetry group1/2
translate by aelR; group action

"pms" [notconfigo fparticles] i s invariant

÷÷÷÷÷÷÷."÷
÷÷÷÷÷÷÷÷÷
÷÷÷÷÷÷÷

÷÷÷÷.
build§ outo f invariantobjects

((Xi,x z ,I , ,%)
' (4-72)=4ta-Lxzta)= x , - x , Y

' i , i z , x , - a invariantsfL=m¥¥¥q¥¥¥p'tIggy



4 Describe the groups Z and Zn.

I = integers= {...,-2,-1,0,l ,2,...}
• group under addit ion: 3+0=3

3+1-31=0
{42

Zn={
''it,
1,2, . . . ,n-l} I n elements)

i s a groupunder
addition (modn )

4+0=0-14=4(nods)E .g .
n=5 :

(Zs) 4+4=8
= 5+3
= 3 (mod5)

a = b i n k (modn)
KKER



5 Define and explain an equivalence class.

equivalence relation ( n ) : a wayt o compare
2 elements

o f a se t X
1) a - a equivalence class:

2) a - b then b r a

3) a - b and b - c ⇒ a r e
[a]={a'EX: aha}

modulo: X/n= {(a), Ib),...}
µ%/n={103,111,121,131,1431=2,

E .g . X I 2 and a n b i f a-b= 5k, KEE

....-r.im#siTiini.iiii"
[01=2015,10,...,-5,-10,...}



6 Write down the simplest Lagrangian for 2 interacting particles on a

circle, assuming an appropriate translation invariance. What changes

when the space is a circle?

X , ~ x z i f ×,-xz=2tRn

x¥⇐,

' "'" ' "
'

" ""relation,.,"Gia,
a.ae#=Mf--He

translationsymmetry: a . x , i x .t a
a . xz=×z+a

but aelR/z
(also a group

underaddition
0.3+2.5=2.8

most general Lagrangian? 0%+8.5=5.8

L l ', ,%,x,-xD
= L l ', ink,4*2+2*12)

Lenzini.im#xi+U
cos4II



7 Define the groups O(n) and SO(n).



8 Write down the simplest Lagrangian for two interacting particles,

assuming translation and rotation invariance.

d spatial dimensions rotation symmetrygroup
5013)t

rotationpreserves length:

* • I = ✓I • V E

[ "rotationmatrix"

T i x = ITV'Ve
T

5013) no t 0137 bk..:

V : ['oo-io}) (outer]
(not a rotation



9 Define the groups U(n) and SU(n). unitary groups

✓(n)= {Ve ¢" '(comple
x:

VTV= / }
(Hermitian conjugate

" = (↳*
1%41
9

= #

Sulu):{VE U n : detail--I}.


