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1 Review the cohomology groups H
k
(X). How do we interpret them in

terms of di↵erential forms?

Akey= {Hosed K-forms
wronx!"Iw"Ito}qw,-
waiting(de12ham)

formanifoldX : Hk(X)= Rb". bk=k"Betti#, became
[w)EHklx) o f theform w=§zcjqµ

%
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Recall: homology
HkM=Rb"qs.TL?ftt#Fqt2tDT2;H4T4=1R
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2 Let X be a closed n-dimensional manifold. Why does

H
0
(X) = H

n
(X) = R?

Recall: (connected)
T a n i HYX)=lR:

only closed O-forms, scalarfunctionsf s .t . d§=O

a r e f ( x )= const.

Clain: HMX)=lR. [ X i s compact]

• a single [upto exact]
"non-trivial" a-form o n X -

Volume(X):{patchy:{wrath-'Io 4814kt.
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I f therewere 2 generatorso fHMM... Sy,who,=0?



3 Explain Poincaré duality.



4 What is a (mathematical) ring?

rings group w/ TWO binary operations'.
11%19
79,

& multiplication
-" ya.be#atbER

inverse o f a : - a
[additiveidentity-0]

multiplication does NOTneedt ogive a group.

DO require: c(atb)= c a t ,
[distributive]

examples o f rings: IR,Ik, G, Zn,...



5 Why do the cohomology groups form a ring?

cohonologyl-ring: H* LX)= {formal sumsof elementso f
Ho,H',...,H"}

= HomoH'440... OH'M¥131'
t' addition'. W,= I F . . .

why-{+. . .

= (l-L)t . . . ✓
= '12

multiplication: wedgeproduct!

Iff'451¥41= dxiyfjsadx.in
bu t dx,ndx,= 0€#* [additiveidentity]



6 Calculate the homology groups of the n-dimensional torus T
n
.

1) co-homology
instead. H'4Th)=? T "=§¥g¥s'

2) gofor I t
* (Tn).

"Imam: HHxxy,=# **
"n
'
'II"¥§."'it
ation.

L EH* (X),pc -Htt(Y) : appsE H* (Xxx)

(x,,...,xm)o nX / (Y,,...,yn) o nY
(x,i . . . ,x m ,y,....,yn) o n Xxy

a H*un=¥tE¥¥+*o.
HHS')=qtb,d0,

i nHMT")... K-forms o ftheforum dog,n . . . n dtip...(f)o fthem
5) 41471=1121%1 ⇒ It,dT4=did



7 Calculate the homology groups of S
2 ⇥ S

1
.

Us e cohomology ring:
4*(52×51)=11*1521^4*114,

I t
" volume"form

4*(52×51)= A .I t Bdo + ( w , t Dwindt
(1^1) (Indo) (wind)

i i i . n Ho= Z

A'(52×51)=112⇒
homology

H,= L
H '(52×54=112 H E R
11-362×51=112 43=2



8 Through which of the following manifolds can we thread magnetic flux

across the entire manifold: S
2
, T

3
, CP2

, S
4
?
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I f so, set B=dAnwzEH4x)

H45,4=1
12

H4T4=lR3 HIMYAR 11-4541=0
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