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1 Consider the following Ising Hamiltonian on a generic lattice:

H = �J

X

u,v neighbors

susv

where each sv 2 {±1}. What is the symmetry group G of H, and why?"if.gf¥
j§f""'

' ⇐' t h t '
what's symmetry group6 of Ham. H?

• G toact o n
configurations Is,%§)

Algae5 )= HB)
/

f e a t
• implicit: identifygroup6

before finding

all energystates...

§ → - 5 : then sus,→ 1 -su i ts)⇒us, V
sinceC -112=+1 (identity)

spinflip generates 2 -elementgroup;
z,f{th-I},groupo ri smultiplications



2 Suppose J > 0. What are the ground states of H? What happens to

the symmetry?

↳ He-JENI sa,svE{ti}
Leigh

ground stateso f H ; 5*=(H,H,....)§
(classical)system

pickone.

5 -=L-1,-1,...)

f -1)• 5*2-5+25, AND l-1)'8-E s t

RTsymmetrybroken: state.it/easEglemsg,

symmetrythan

spontaneous

H symmetry preserving'. H symmetry breaking'.
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3 Define a left/right coset.

symmetry group 6

96*4%5) invariantunder
Hamiltonian wl subgroup H E E

g.x = x
i f andonlyi f gelt,

" i f ¥ ¥
ground

"¥
911,914,

An" ah.x
= gilhox)
= gr.x=z

2 - Since gun always x→ Z ,
define (right) coset

git-1921'"}

gµ={gin:HEH}
w g,H={93,'"}



4 Show that cosets partition a group, and all have the same size.

1) Cosets partition group: G = Hug ,Hug,H
AND gzHnHz=empty=D

Claim: Yge6 , write cosetGH
(mightb enew)

suppos
e g#H. Looka t gzH.

Suppos
e

that g'zHngzHF0

cosek have same#of
elements:gz'h,e g ,h ,

proof. I f 4=6... one coset
✓ gz'=gµzh¥y, E 9zH

" "' '" '" ' " " '"

s:#sina.fi
let's assume g¢H.
GH#H f#of

elementso fH

• a t most IHIelementsi ngH:
gH={gl,gh,,ghr,...}

• suppose gh,=ghz,thenHgh,
=gYghz (hehe)

corollary (Lagrange'sThm): 164#iffe,dimgµ
d

byIHI



5 Explain spontaneous symmetry breaking, and why the ground states of

any Hamiltonian are in one-to-one correspondence with cosets of its

(broken) symmetry group.

n.gg#gs-
aaofgnundstates-
1Hl=lgzHl=lg,Hl

degenerate groundstates relatedby full symmetrygroup6

a r e one-to-one w l cosets o f the unbroken
subgroup

The se to f (right)
cosets i s Gat

[ i n general, nota group
Onec a n also define(left)cosets Hg

se t o f these H IG



6 When do the cosets form a group?

-

we'd need: (9,144924¥ 93¥,

9,92=9,

$H%zHkg,q§

(9,4)(ghz)s g ,h,= g,g ,h, ↳
conjugation492

h,gzhz=gzhz

9Th,gzhz=h3

'asian,'e,

"
92%3= #

→ 9Th,9 t h ,hi'e H
t h eG

• twoelements o fa group w e conjugate i f g,= gig,
gI""
""

9,'92
• thegetso f group

elements thata r econjugate formconjugacy classes



7 Define a normal subgroup.

W e say i f g-'Hg= H HyeG, I t i s a
normal subgroup o fG's

HQ6
quotientgroup: Gay i s a subgroupo f G

¢
Anothergroup

Theorem: I f ¢ : G → K i s
homomorphism, then

Kerld)i e {geo:01g)=L} obeys
kerbol)I G .

"±::÷:÷÷:÷i:*÷÷÷i::÷"÷
= 0kg)-'011g)= 1

Bydefinition, g-'hgEkerlot)



8 Consider a 3-dimensional isotropic magnet. Write down the free energy

and describe the possible patterns of symmetry breaking.
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y°§§%§M
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order parameter:magnetization m'=lm×,my,m⇒

lookforminimum Flin)

rotationinvariance o f univer
se:L, pygmy,Fetlectiong

O(3)

"ftp.t
.ms,

" " " * Fare class."'"
vectors o f length truth,
"*§#§ unbroken symmetry:012)

0137/0,= 52sythm
metry ( 2 -sphere)

breaking


