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1 What are the conditions for a Hamiltonian system to be integrable?

integrable= NOT " "Iticiderfmermin
istic +

unpredictable"

heuristic: integrablesexactly
solvable?

i n Hamiltonian systems, have 2h-dim phase space...
integrable= has n functions {J,.. . . ,Jn} suchthat
① [H,J ; ]= 0 ; ② [TieJ j3=0;③ Ji's "independent"

(e .g . Taft,Y)nconstantsofmotion-integrable

• Locally, t r yt o build J 's?

• To have integrability, J's mustbe defined
globally.

• Most systems= chaos!



2 Describe phase space in terms of the invariant tori.

Assume. H and Ji's a r e t-independent. (chooseF . H...)
Assume: for some energy(H ) range: setso f const.E a r e

compact.

phaa-sespace. Remaining n-dimensions a r e torus T T
[Lionville-Arnold Thm).

(Ji....,J , ; 4,,...co/n)
a re action-angle variables.o÷÷i÷÷÷÷÷:ii÷:÷.:

÷÷÷÷.
So H(Ji,..-111.

d¥=fJiiH¥
[10,14=
01,101 + w i t

(const.



3 Describe periodic vs. quasiperiodic motion on the tori.

Jiro i s1 , . . . ,n

Ojai i±=:#east.

• Periodic (commensurate):

• genetic'. incommensurate (intro)iii
.
÷÷si÷÷ii÷÷÷
÷÷÷:÷÷:::::*.

Ew,= irrational. e .g . wz=fw,

traverse torus.
101,02,...I 4h)-(4ft,...,4n)

n..-49,...io/nttH



4 Describe the general dynamics of a system in terms of a Fourier series

in the action-angle variables.

observable F E FtJh¥I"thief?# (periodic'I
m,. . . . ,m ,

ez[M'--
"n

(J"'-'IJa)@
"" i ftimetzt - r - +i n ,¢ ,

F-= [

NOLIE: d idNOT write
M¥4
; smiht...thnon

(forAA : writeSuns
explicitly...)

F l t)= [ Fm,...punt,...,Tn)
ethill""''timnolaco)

•

eilmin,t - i - +mnwnlt

m,.....mn


