
electromagnetism → relativistic electromagnetism FFFF

4D Chern-Simons Electromagnetism

In this problem, we will consider a Lorentz-violating theory of electromagnetism, with Lagrangian given
by

L = −1

4
FµνF

µν +
1

4
εµνρσq

µAνF ρσ.

Treat qµ as a constant vector in spacetime. Since qµ picks out a preferred direction in spacetime, we break
the manifest Lorentz invariance of our theory. The latter term is called a Chern-Simons term, and in 3D
theories, the term εµνρA

µF νρ is an allowed term in a Lorentz-invariant Lagrangian which has applications
in condensed matter theories.

(a) Show that the action is gauge invariant under Aµ → Aµ + ∂µλ if all fields vanish at infinity.

(b) Find the equations of motion in terms of the physical fields E and B, and comment on the results.
What does the Chern-Simons term look like?

(c) Now, consider a propagating plane wave. Show that there are two modes of propagation with disper-
sion relation given by

kαkαk
βkβ = kαkβqαqβ − kαkαpβpβ.


